Kummer-Artin-Schreier-Witt理論の試みII(群スキームの変形と整数論への応用) by 関口, 力
TitleKummer-Artin-Schreier-Witt理論の試みII(群スキームの変形と整数論への応用)
Author(s)関口, 力













, , “ ” .
, ,
. , :
: $p(>0)$ $k$ $p^{n}$ Galoi
$D/C$ , $W(k)$ $A$ , special fibre
$C/D$ flat, complete, smooth $A$ $P^{n}$ Galois
$D/C$ .
$7l=1$ , , $D/C$ $p$ , [8]
. , ,




2 $p$ \llcorner ‘(((
[8] Lang . , ,
$k$ $p(>0)$ , $D/C$ $k$ Galois
, Galois $G$ , Serre [6] Lang
. , Witt $W(k)$ $A$ Galois
$G$ $D/C$ , special fibre $D/C$
. , $K=\mathrm{f}.f.A$ . , $U_{A}[G]$ $A$ $G$
$\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}_{\mathrm{P}^{- \mathrm{r}}}\mathrm{i}\mathrm{n}\mathrm{g}$-scheme $A[G]$ unit group scheme ,
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. $A$- $Carrow U_{A}[G]/\dot{G}$ , $C$ A-relative divisor
$\eta$( , $C$ – C\rightarrow C
, $\varphi$ $Carrow J(C_{\urcorner}():=\mathrm{P}ic^{0}(c_{\urcorner}(/A)$ . , isogeny
$J’arrow f(c_{\overline{\mathrm{c}}})\mathrm{I}$ , Cartesian (1)







. , isogeny $J’arrow J(C_{\urcorner}\mathrm{t})$
. generalized Jacobian scheme $\mathcal{J}(C_{\urcorner}()$ morphism $Carrow C_{\mathrm{t}}\urcorner$
$0arrow \mathcal{K}_{\mathrm{c}}\urcornerarrow J(c_{\urcorner}()arrow \mathcal{J}(C)arrow 0$
, $\mathcal{K}_{\mathrm{c}}\backslash$ relative divisor $0$ $A$ affine group scheme
. isogeny affine group scheme isogeny
, affine part generalized Jacobinan Breen [1]
.
affine group scheme $\mathcal{K}_{\mathrm{a}}$ relative divisor $0$ , $D/C$
wild ramification . , $7l–1$
, K $\mathrm{P}^{1}$ $p$ ,
isogeny $\mathcal{K}’$ \rightarrow K .
– , , $\dot{\mathrm{P}}^{1}$ $p^{n}$
. , $G=\mathbb{Z}/p^{n}$
. , Artin-Hasse exponential unit group scheme
$U_{k}[\mathbb{Z}/p^{n}]$ Witt $W_{n,k}$ $U_{k}[\mathbb{Z}/p^{n}]arrow W_{n,k}$
, isogeny $U_{k}[\mathbb{Z}/_{P^{n}]}.-arrow U_{k}[.\mathbb{Z}/p^{n}.]/(.\mathbb{Z}/P^{n})$ , $\mathrm{A}.\mathrm{r}$tin-Schreier-Witt







$D-$ $U_{k}[\mathbb{Z}/p^{n}]$ $rightarrow W_{k,n}$
$(_{\mathrm{c}}\ulcorner))$ $\downarrow$ $\downarrow$ $\downarrow\wp_{n}$
$Carrow U_{k}[\mathbb{Z}/p^{n}]/(\mathbb{Z}/p^{n})rightarrow W_{n,k}$
, Artin-Schreier-Witt .
, $D/C$ $D/C$ ,
generic fibre $\mathcal{D}_{\eta}/C_{\eta}$ Kummer
(6) $1arrow\mu_{p^{n}}arrow \mathrm{G}_{K}arrow \mathrm{G}\theta_{\mathrm{p}}nKarrow 1$
Cartesian
$D_{\eta}arrow$ $U_{K}[\mathbb{Z}/p^{n}]$ $arrow \mathrm{G}_{K}$
(7) $\downarrow$ $\downarrow$ $1^{\theta_{\mathrm{p}}n}$
$C_{\eta}arrow U_{K}[\mathbb{Z}/p^{n}]/(\mathbb{Z}/p^{n})arrow \mathrm{G}_{K}$
, Kummer .
, $D/C$ $D/C$ ,
, .







3 , Artin-Schreier- Witt (3) Kummer
(8) $1arrow\mu\iota_{p^{n},K}arrow \mathrm{G}_{m,K}^{n}arrow \mathrm{G}_{m,K}^{n}arrow 1$
(9) $0arrow(\mathbb{Z}/p^{n})_{A}arrow \mathcal{W}_{n,A}arrow \mathcal{V}_{n,A}arrow 0$
, Kummer-Artin-Schreier- Witt .
86
1 , $A$ $\lambda$
, $A$
$\mathrm{P}_{A}^{2}\supset C:\mathrm{Y}^{2}z-\lambda XYz=X^{3}$
, $C$ generic fibre nodal curve , special fibre cuspidal
curve . , Picard group scheme $\mathrm{P}i_{C^{0}}(C/A)$ $\mathrm{G}_{a,k}$
$\mathrm{G}_{m,K}$ , ,
$\mathrm{P}ic^{0}(C/A)=\mathrm{S}peCA[x, 1/(\lambda X+1)]$ ; $x\cdot y=X+y+\lambda_{X}y$
,
$\mathcal{G}^{(\lambda)}=\mathrm{S}pecA[X,$ $1/(\lambda X+1)$
$\text{ }$ . Waterhouse-Weisfeiler [18] N\’eron blow-up ,
$(A, 9n)$ generic Pbre $\mathrm{G}_{m,K}$ , special fibre $\mathrm{G}_{a,k}$
flat $\mathcal{G}$ , $\lambda\in$
$\mathcal{G}\cong \mathcal{G}^{(\lambda)}$
. , 1 .
23 , Artin-Schreier-Witt $\frac{\prime}{\ovalbox{\tt\small REJECT} \mathrm{c}}$
(3) Kummer (8) KASW
(9) . , $U_{A}[\mathbb{Z}/p^{n}]$ $A$ $\mathbb{Z}/p^{n}$
group-ring unit group scheme , generic fibre, special fibre
$U_{A}[\mathbb{Z}/p^{n}]_{k}=U_{k}[\mathbb{Z}/p^{n}]arrow(\mathcal{W}_{n,A})_{k}=.W_{n},k$ ,
$U_{A}[\mathbb{Z}/p^{n}]_{K}=U_{K}[\mathbb{Z}/p^{n}]arrow(\mathcal{W}_{n,A})_{K}=\mathrm{G}_{m}^{n},K$




4 , $[12, 15]$ , unit group scheme
, $7\mathrm{t}=1,2$ . , –




5 $\mathcal{W}_{n,A}$ cOmpac .
, $7l=1$ , $calw_{1},A=\mathcal{G}^{(}\lambda$) , $\mathcal{G}^{(\lambda)}$ compact $\mathrm{P}^{1}$ .
, boundary $\mathrm{P}^{1}\backslash \mathcal{G}^{(\lambda)}$ $P$ .
, 5 $p^{n}$ ,A compact
.
3 KASW
, 2, 3 . Witt $W_{n,k}$ ,
fiiltration
(10) $0arrow \mathrm{G}_{a,k}arrow W_{n,k}arrow W_{n-1,k}arrow 0$
. Witt ltration
. , 1 , $\mathrm{G}_{a,k}$ $\mathrm{G}_{m,K}$
$\mathcal{G}^{(\lambda)}=\mathrm{S}peCA[x, 1/(\lambda X+1)](\lambda\in\Re t)$
. , $W_{n-1,k}$ $\mathcal{W}_{n-1,A}$ , $W_{n,k}$
$\mathrm{E}xt_{\Lambda}^{1}(\mathcal{W}n-1,A, \mathcal{G}^{()}\lambda)$ .






(11) $x$ $\vdasharrow$ $\lambda x+1$
$t$ $\vdasharrow$ $t\mathrm{m}\mathrm{o}\mathrm{d} \lambda$
. , $\iota$ : $\mathrm{S}peCA/\lambdaarrow \mathrm{S}pecA$
. , cocycle $\mathrm{E}xt_{A}(1\mathcal{G}^{(}\lambda),$ $\mathrm{G}_{m},A)=0$ ,
$\lambda,$ $\mu\in \mathfrak{M}\backslash \{0\}$ ,
1
(12) $\mathrm{E}xt_{A}^{1}(\mathcal{G}^{(}\mu),$ $\mathcal{G}(\lambda))\cong \mathrm{H}om(\mathcal{G}^{(\mu}),*\iota \mathrm{G}m,A/\lambda)/\{(1+\mu X)^{n}|n\in \mathbb{Z}\}$ .
. $F\in \mathrm{H}om(\mathcal{G}^{(\mu)}, \iota*\mathrm{G}m,A/\lambda)$ $\mathcal{E}^{(\mu,\lambda;F)}\in$
$\mathrm{E}xt_{A}^{1}(\mathcal{G}^{(}\mu),$ $\mathcal{G}^{(}\lambda))$ , .
(13) $\mathcal{E}^{(\mu,\lambda;F)}=\mathrm{S}pec[x, Y, 1/(1+\mu X), 1/(F(x)+\lambda Y)]$ ,
, morphism
$\alpha^{(\mu,\lambda)}$ : $\mathcal{E}^{(\mu,\lambda;F)}$ $arrow$ $\mathrm{G}_{m,A}\mathrm{X}_{\mathrm{S}_{P^{6cA}}}\mathrm{G}m,A$




, , Artin-Hasse exponential , ( $[14, 16]$
) .
2 $A$ $\mathbb{Z}_{(p)}$ -algebra , $F:\overline{W}arrow\overline{W}$ formal Witt group scheme
$\overline{W}$ Frobenius endomorphism – , .
(1) $\mathrm{K}er(Fn : \overline{W}(A)arrow\overline{W}(A))\cong \mathrm{H}omA(W_{n},A, \mathrm{G})m,A$,
(2) Coker $(F^{n} : \overline{W}(A)arrow\overline{W}(A))\cong \mathrm{E}xt^{1}A(W_{n,A}, \mathrm{G}_{m,A})$ .
– .
6 $(A, \mathfrak{M})$ local $\mathbb{Z}_{(p)}$ -algebra, $\lambda\in$ , Artin-Hasse ex-
ponential , $\mathrm{H}_{om_{A}}(\mathcal{G}(\lambda), \mathrm{G}_{m},A)_{J}\mathrm{E}xt_{A}^{1}(\mathcal{G}(\lambda), \mathrm{G}_{m,A})$ ,
2 .
$\mathrm{H}_{om_{A}}(\mathcal{G}^{(\lambda)}, \mathrm{G}_{m,A})$ , $[9, 10]$ ,
Artin-Hasse exponential .
3 , $7l=1$ , , Artin-Schereier
Kummer Kummer-Artin-Schreie.r
– , .
$\zeta_{n}$ 1 $p^{?\iota}$ , $7l$ $\zeta_{n+1}^{p}=\zeta_{n}$
. , $\lambda_{n}=\zeta_{n}-1,$ $A_{(n\rangle}=\mathbb{Z}_{(p}$ ) $[\zeta_{n}]$ , $\lambda=\lambda_{1},$ $A=A_{(1)}$ .








1 $7l(\geq 1)$ , $\mathcal{W}_{n}$ $W_{n,k}$ $\mathrm{G}_{m,K}^{n}$ , $\mathcal{W}_{1}=$
$\mathcal{G}^{(\lambda)}$ , (10)
(15) $0arrow \mathcal{G}^{(\lambda)}arrow \mathcal{W}_{n}-arrow \mathcal{W}_{n-1}arrow 0$
. , $\mathcal{W}_{n}$ constant group scheme $(\mathbb{Z}/P^{n})A_{(n)}$ ,
$0arrow \mathbb{Z}/parrow\epsilon_{n}\mathbb{Z}/p^{n}arrow j_{n}\mathbb{Z}/p^{n-1}arrow 0$
(16) $i_{1}\downarrow$ $i_{n}\downarrow$ $i_{n-1}\downarrow$
$0arrow \mathcal{G}^{(\lambda)}arrow v_{n}$ $\mathcal{W}_{n}$ $arrow r_{n}$ $\mathcal{W}_{n-1}$ $arrow 0$
, $\mathcal{W}_{n}$ KASW group scheme .
89
KASW group scheme $W_{n}$ . ,
KASW group scheme $W_{n}$ , Kumer Artin-Schreier-Witt
, .
3 (UKASW theory) $B_{f}C$ local flat $A_{(n\rangle}$ -algebra , $C$ $B$
$p^{n}$ . $A_{(n)}$ -morphism $f$ : $\mathrm{S}pecBarrow$





KASW group scheme 1 , (11)
.




$\frac{1}{1+\lambda X_{1}},$ $\frac{1}{\Gamma_{1}\prec(X_{1})+\lambda x_{2}}$
$\ldots$ , $\frac{1}{F_{\ell}(X1,\ldots,x\ell)+\lambda x\ell+1}$]
, morphism $\alpha^{(\ell+1}$ ) : $\mathcal{W}_{l+1}arrow \mathrm{G}_{m,A_{(\ell 1}}+$) $\cross_{A_{(\ell 1)}}+\cdots\cross_{A_{(\ell}}+1$)
$\mathbb{G}_{m,\Lambda_{(\ell\dashv-1}i^{\alpha}}(^{p}+1)()x_{1},$
$\ldots$ , $x_{P+1}$ ) $=(1+\lambda x_{1,1}F(x_{1})+\lambda x_{2},$ $\ldots,$ $F_{\ell}(x_{1}, \ldots, x_{\ell})+$
$\lambda x_{l+1})$ .
, KASW group scheme $W_{n}$ ,
$F_{\ell}$ , KASW group scheme
$(^{*})$ .
$(^{*})$ $\mathcal{W}_{n}\otimes A_{(n)}A(n)/\lambda\cong W_{n},A_{(n)/}\lambda$ .
, 2 ,
.
$\mathcal{W}_{n}$ 7 , $(^{*})$ KASW
group scheme $\mathcal{W}_{1}=\mathcal{G}^{(\lambda)},$ $\ldots,$ $\mathcal{W}_{n}$ , $A=A_{(n}+1$ ) .
, (16) .
$\mathrm{E}xt_{A}^{1}(\mathcal{W}n’ \mathcal{G}^{(\lambda)})arrow \mathrm{E}_{Xt^{1}}i_{n}^{*}A(\mathbb{Z}/pn, \mathcal{G}(\lambda))arrow \mathrm{E}_{Xt^{1}}i_{1,*}A(\mathbb{Z}/p^{n}, \mathbb{Z}/p)$ .
90
KASW group scheme , \Delta $\mathcal{W}_{n+1}\in \mathrm{E}xt_{A}^{1}(\mathcal{W}_{n}, \mathcal{G}^{(\lambda)})$
(18) $i_{n}^{*}(\mathcal{W}_{n}+1)=i1,*(\mathbb{Z}/p^{n+1})$
. , $\mathrm{E}xt_{A}^{1}(\mathbb{Z}/p^{n}, \mathcal{G}^{(\lambda}))$ $\mathrm{E}X^{-}b_{A}^{1}(\mathbb{Z}/p^{n}, \mathbb{Z}/p)$
, , $\mathrm{E}xt_{A}^{1}(\mathcal{W}n’ \mathcal{G}^{(\lambda)})$ 4 , 2 ,
, (18) $A$ , $\mathcal{W}_{n+1}$
$(^{*})$ .
, , $A=A_{(n)}$ abelian
scheme $\mathcal{X}$ , $\mathrm{E}xt_{A}^{1}(\mathcal{X}, \mathcal{W}_{n}),$ $\mathrm{E}Xt^{1}(A\mathcal{X}, \mathbb{Z}/p^{n})$
.
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